In this paper drawing from the theoretical framework developed by Shieh et al., (2002) 
Introduction
Over the last three decades, after the publication of Aschauer´s (1989) empirical paper on the productivity of public capital and Barro´s (1990) theoretical paper on the effects of government spending on economic growth, the analysis of the macroeconomic effects of public investment has attracted research interest in growth economics. The theoretical research was mainly focused on analyzing how public spending and public capital may enhance productivity and promote economic growth.
At the same time, the empirical literature was trying to confirm the existence of a positive empirical relationship between productive public spending and economic growth, by employing a variety of econometric techniques, data sets, and measures of public spending. In principle, public spending enhances economic growth through its external effect in the production function of private firms. This effect can be modeled by adding into the production function either the aggregate flow of public spending, following Barro (1990) , or the aggregate stock of public capital, as in Turnovsky (1997) . A new line of theoretical research recognizes the possibility that different types of public spending (e.g., infrastructure, education, health, military expenses) may exert a different effect on economic growth. In this line of research, Devarajan, Swaroop and Zou (1996) develop an endogenous growth model using a production function which includes two types of government spending, Kalaitzidakis and Kalyvitis (2004) into infrastructure and maintenance expenditure, and Chen (2006) into productive and consumptive spending.
Largely overlooked in this strand of the literature has been the question of the economic growth impact of military spending. This oversight is surprising given the significant portion that military spending absorbs from public capital in both developed and developing countries. This question has received substantial attention in the early economic growth literature especially in developing countries initiated by Benoit's (1973; 1978) empirical study. Benoit (1973; 1978) , in her pioneering work in this area using data from 44 developing countries, found that defense spending does indeed stimulate economic growth. Government provision of national defense which maintains property rights can be viewed as maintaining both internal and external security, increasing hence the incentives to accumulate private capital and attract foreign investments. On the other hand, the defense sector also provides a variety of public infrastructure like roads communication networks etc, while also enhances human capital accumulation through training and provision of educational services.
These are at least some ways that military spending can foster economic growth domestically. However, military spending also diverts resources that could more productively be employed in sectors of the economy other than defense. In that sense, defense spending may degrade long run economic growth. Hence the net effect that military spending has on economic growth appears to be ambiguous. This results has been confirmed by many subsequent empirical studies devoted in addressing the validity of Benoit hypothesis utilizing a variety of empirical models and different data sets. 1 The empirical research on the productive effects of public capital has followed two basic lines of research. The one line of research, following Benoit (1973; 1978) directly estimates aggregate production functions to identify the productive types of public capital. The most indicative examples in this strand of the literature are the studies by Baffes and Shah (1998) and Evans and Karras (1994) . The empirical results often validate Benoit's initial assumption on the productivity of military spending.
The other line of research estimates Barro-type growth regressions in which different types of public expenditure may serve as explanatory variables, as in Barro and Salai-Martin (1995, ch. 12) . In most cases the different types of public expenditure enter linearly into the growth regression, as, for example, in Devarajan, Swaroop and Zou (1996) . The results usually indicate a non significant or negative effect of public expenditure variables on economic growth. These results are interpreted as an overprovision of public capital.
Based on this conflicting empirical evidence, recently Shieh et al., (2002) developed an intertemporal optimizing endogenous growth model to analyze how the government's resource allocation between the defense and the non-defense sectors affect economic growth and social welfare. They concluded that there is indeed an optimal share of defense expenditures that maximize the economic growth rate but this rate is smaller than the welfare maximizing share. In the same line of research and building upon Shieh et al., (2002) theoretical development, the present paper derives the growth-maximizing values of the shares of public investment allocated to the two different types of public capital (i.e., military spending and public infrastructure), as well as the growth-maximizing tax rate. Then the paper proceeds with an empirical investigation of the theoretical implication of the model assuming that both the effect of the share of public investment and that of the tax rate on the long-run growth rate are non-linear, following an inverse U-shaped pattern.
Using data of public capital and military capital formation from a sample of both developed and developing economies, we derive empirical estimations that confirm the theoretical implications of the model. The innovative feature of our empirical analysis is that we test a specific non-linear functional specification implied by the theoretical model. In addition tackling the problem of spurious regression arising from the non-stationarity of the data set, the empirical part of the paper makes use of panel unit-root tests and cointegration analysis to conclude that there is a fairly strong evidence in favor of the hypothesis that long run causality exists between the optimum allocation of government expenditures among military spending and public infrastructure. -4 - The rest of the paper is organized as follows. Section 2 sets up a representative firm model and derives the long-run equilibrium conditions, analyzing the transitional dynamics of the economy. It also derives the growth-maximizing levels of the tax rate and the shares of public capital investment. Section 3 sets up the econometric procedures followed in the empirical part of the paper which is based on panel cointegration techniques. Section 4 presents an empirical investigation of the theoretical model in a sample of developed and developing economies, while Section 5 concludes the paper.
Theoretical Framework
In this section we present a simple decentralized version of the Shieh et al (2002) endogenous growth model, to derive the testable hypothesis of the model. We consider a closed economy populated by identical agents who consume and produce a single commodity, Y. There is no population growth. The labor force is equal to the population, with labor supplied inelastically. On the production side of the closed economy, the representative firm j produces its output, j Y , using a conventional Cobb-Douglas technology:
where 0 1 α < < , j K denotes the stock of private capital, and j L the labor used by firm j. The productivity of labor, h, is a function of the existing stock of public infrastructure, Z, and military capital, M, per worker so that:
where L is the total labor force, and 0 1 β < < . The individual firm takes h as given.
Private capital depreciates at the constant rate k δ . Therefore, letting I denote gross private investment, the net private capital stock accumulates at the rate:
New output may be transformed to any type of capital, but in the case of private capital this process involves adjustment costs. The cost of investment faced by domestic firms is:
and constant over time. So the government can set both variables arbitrarily. Since, however, these policy instruments are going to affect the long-run growth rate of the economy, the tax rate and the component shares that maximize the growth rate will be derived later on.
The representative firm j in our economy solves the following infinite horizon profit maximization problem:
where r is the real interest rate, w is the real wage rate, while the price of the commodity is normalized to one. The familiar optimality conditions with respect to j I , and j K are respectively:
where q is the shadow value of the private capital stock. Equation (10) equates the marginal cost of investment to the shadow value of capital, while equation (11) is the arbitrage condition that equates the interest rate to the rate of return of private capital, net of physical depreciation. The rate of return to private capital consists of three components: the change in its shadow value, the value of its marginal product, and its effect on the cost of investment.
Substituting (10) into (11), replacing for (2) and aggregating across firms, the optimality conditions with respect to I and K can be written as:
From equations (3), (5), (8), and (12), the growth rates of private and the two types of public capital considered herein are given by:
The stationary solution of the above system of differential equations must have at least one real solution, in order for output and the capital stocks to follow a balanced ( ) ( )( )
Then, from equations (20) and (21) we get:
Substituting equation (23) into equations (21) and (22), we get:
By totally differentiating the above equations with respect to τ and μ, and taking into account the fact, implied by equation (14) , that the growth rate of the economy is an increasing function of the shadow price of private capital, we get: 
In accordance with the theoretical developments made by Shieh et al., (2002) , the above relations indicate that the effects of both τ and μ on the growth rate are nonlinear, following an inverse U-shaped pattern. When these two policy variables are relatively small (large), an increase in their values raises (reduces) the growth rate of -9 -the economy.
Data and Econometric Model
For the quantitative assessment of the effect of the allocation of public investment on 
where it g is the growth rate of real per capita GDP for country k G y = is the share of total public spending to GDP and serves as a proxy to the tax rate τ, it it it m M G = is the share of military expenditures to total public spending, and β's are the parameters to be estimated. The regression parameters, β's, are all country-specific allowing thus for intra-country heterogeneity on the effect of the explanatory variables on the growth rate of real per capita GDP.
Relation (28) Instead the use of recently suggested panel based unit-root and cointegration tests result in a more valid statistical inference as they take into account in the most efficient way all the available statistical information contained in the data set. Before proceeding to the identification of the long-run relationship between economic growth and allocation of public expenditures among infrastructure and military spending, we need to verify that all variables in (28) are integrated of order one. To test this hypothesis, we employ the panel unit root tests of Im et al., (2003) and Maddala and Wu (1999) . These tests have an advantage over earlier generation tests such as Breitung and Meyer (1994) , Quah (1994) and Levin et al., (2002) in that they allow for greater flexibility under the alternative hypothesis. (30) is distributed as a chi-squared with degrees of freedom twice the number of countries in the sample (i.e., 2N). Breitung (1999) found that the IPS tbar test statistic is sensitive to the specification of individual deterministic trends loosing it's explanatory power. On the other hand, the MW test statistic is not dependent on the lag lengths used in estimating the individual ADF tests, while on the other hand it takes into account the role of individual countries in contributing to the overall results for the panel. 8 Establishing the existence of a unit-root, the next step is to statistically examine the long-run relationship among GDP growth, the share of public capital allocated in military spending, the GDP share of total public spending, and the control variables, i.e., the share of private investment and the one-period lagged real per capita GDP. Given again the short span of our data set, the power of the traditional Johansen's ML procedure is severely distorted. To overcome this problem we utilize the panel cointegration test due to Levin et al., (2002) which is based on the estimated residuals of the following long-run relation:
where z it are the 1 j , ,k = … deterministic control variables, and ε it is usual iid error term. Then the t-statistic on δ is computed from the following relation:
( )
where, δ is the OLS estimate of δ, Once the long-run relationship between the GDP growth and the share of public capital allocated in military spending and public infrastructure is established, the next step involves the econometric estimation of relation (28). Among the existing candidates, Pedroni's (1996; 2000) between dimension fully modified OLS estimator (FMOLS hereafter) is the best alternative as it takes into account the dynamic heterogeneity in cointegrated panels allowing the transitional dynamics to be different among different countries in the sample. In summary, the FMOLS estimator addresses consistently the problem of non-stationary regressors as well as that of possible simultaneity bias. An important advantage of between dimension FMOLS estimator compared to within dimension FMOLS is that is permits for greater flexibility in the presence of heterogeneity of the cointegrating vectors. Specifically, the test statistics constructed to statistically examine the cointegrating slope parameters of the model are not constrained to be the same under the alternative hypothesis. In addition, the between dimension point estimates are the mean values of the cointergating vectors when these are indeed heterogeneous (Pedroni, 2001, p. 728 ).
In general, Pedroni's (2000; 2001) between dimension FMOLS estimator involves the econometric estimation of the following cointegrated system of panel data assuming only one explanatory variable:
where
is stationary and ( )( )
is the longrun covariance matrix estimated using Newey-West estimator. It can be decomposed as:
Φ is the contemporaneous covariance matrix, and i Γ is a weighted sum of estimated autocovariances. In fact, Pedroni (2000; 2001) in deriving his FMOLS estimator follows Philips and Hansen (1990) semi-parametric correction to the OLS that eliminates the second-order bias caused by endogeneity in the regressors allowing at the same time for heterogeneity in the short run dynamics and the fixed effects. Specifically, his estimator is given by: The between dimension estimator above can be used also to perform formal statistical -14 -testing for the hypothesized cointegrating regression in addition to those discussed previously. Specifically, Pedroni (1999) 
Empirical Results
The empirical analysis presented in this section was carried out for the whole sample of developed and developing countries as well as for the two sub-groups of countries, i.e., OECD and Non-OECD. We have also considered various country sub-groupings according to the geographical location (i.e., Latin America, Africa, Europe, Asia) to investigate the robustness of our results but no clear pattern emerged. First Table 1 summarizes the results of both IPS t-bar and MW Fischer statistics for all countries in the sample as well as for the two sub-groups. 10 The lag truncations for the individual unit root regressions were allowed to vary by individual country in all three samples.
The same procedure was followed also for the panel based IPS and MW tests. The standard step down procedure applied in conventional time series analysis was used to choose the lag length. This involves starting with a sufficiently large number of lags and then eliminating each time the highest order lag until one of them is statistically significant. For the initial starting value, we used the 1 5 of the sample length. Thus, with T=15, we started with an initial lag value of 3, and then allowed the data dependent procedure to choose the actual number of fitted lags. The actual number of fitted lags varied between 0 and 3 for each country in the sample.
The statistical testing results reported in Table 1 show that all series involved in each one of the three samples considered has a unit root at the 5 per cent confidence interval. This is confirmed from both IPS t-bar and MW Fisher statistics.
Given the short time span of our data, it is more likely that our data are coming from the early stages of the business cycle in the countries in the sample. However, when the first differences of that data series is used the hypothesis of a unit root is rejected in all cases and for all variables.
Next panel cointegration results for all sub groups of countries as well as for the whole sample are reported in Table 2 . In principle, the hypothesis of no cointegration is rejected for all countries and the hypothesis of one cointegrating vector is accepted. Specifically, the Levin et al., (2002) Between dimension FMOLS estimates of the cointegrating relationship for the whole sample of countries as well as for both OECD and Non-OECD countries are reported in Tables 3, 4 and 5. Regarding the whole sample estimates first, as it shown from Table 3 , indeed the effect of both total public spending and military spending is exhibiting an inverse U-shaped pattern as both second-order parameters are negative and statistically significant at least at the 5 per cent level. Specifically, the first-order parameters were found to be 0.198 and 0.236, whereas the second-order ones -0.103 and -0.102 for total public spending and military spending, respectively. Concerning the rest two explanatory variables included in relation (28), private investment and lagged GDP, provide statistically significant estimates. Private investment influences the growth rate of real per capita GDP positively, 0.238, whereas the GDP of the previous period affect negatively the economic growth rate in countries in the sample at a lower but statistically significant rate, -0.058.
Regarding the estimates for the two sub-samples, first the between dimension FMOLS estimates for OECD countries are presented in Table 4 . The results presented for the pooled sample (last row in Ireland, Luxemburg and Poland, the GDP growth rate is highly dependent on their growth pace exhibiting the highest parameter estimates, whereas Belgium, Canada, Denmark and France exhibit the lowest impact with the corresponding parameter estimates being statistical significant around -0.020.
Again for the pooled data, the share of public investment is monotonically decreasing as the squared term turned to a statistically significant negative estimate, -0.081. Both first and second-order parameter estimates exhibit lower values compared with those obtained from the econometric estimation of the whole sample.
With regard to intercountry differences, in Belgium, Canada, Finland and Ireland, the GDP share of total public spending appears to be at the optimum level as both the associated first-and the second-order parameters turned to statistically not significant values. For the remaining 13 OECD countries in the sample the presumed inverse U- Table 6 .
First, concerning the marginal effect of the GDP share of total public spending, the estimates presented in Table 6 exhibit both negative and positive values which, however, are very close to their optimal level. Similarly, the point estimate for the whole panel of the OECD countries exhibit a value close to zero, 0.0063. This implies that public expenditures are rather close to their optimal level, besides the variation observed in individual country estimates that lie both above and below zero.
Specifically, in France, Greece, Luxemburg and Norway, the marginal effect of the GDP share of total public spending is negative implying that relatively a large portion of public budget, compared to the size of these economies, is allocated to public Turning now to the sample of non-OECD countries the corresponding parameter estimates are presented in Tables 5a and 5b . For the whole panel, the point estimates indicate that the lagged GDP is negatively affecting the current economic growth, whereas the relative size of private investment positively at a higher rate than the corresponding estimate for the sample of OECD countries, indicating that there is a lack of private investment in developing countries (see the last row in Table 5b ).
Concerning the effect of the GDP share of total public spending and the share of military spending again the non-linear relationship that emerges from the theoretical model is confirmed. The quadratic terms of both policy variables exhibit a negative statistical significant sign. Nevertheless the variation among developing countries is more intense than the sample of OECD countries.
Concerning the intertemporal dependence of economic growth on the level of Ecuador and Trinidad-Tobago. In all these countries the quadratic term is statistically non-significant at the 5 per cent level. For the remaining twenty-five developing countries included in the sample, the non-linear relationship between the GDP share of total public spending and GDP growth emerges as both the own and the quadratic terms are statistically significant. Using these point estimates we have calculated the respective marginal effects presented in Table 7 .
As these estimates reveal, in Bulgaria, China and Romania the GDP share of total public expenditures is above its optimal level as the marginal effects turned to a negative value very close, however, to zero. In all other countries the corresponding marginal effects are positive indicating under provision of public investment. The highest value is observed in Costa Rica (0.3694) followed by Peru (0.3444), Mauritania (0.3428), Bolivia (0.3159) and Malaysia (0.3073). In all these countries public investment is far below its optimal level. On the other hand, the lowest values are observed in Namibia (0.0570), Malawi (0.0818), Egypt (0.1008), Nicaragua (0.1095), Brazil (0.1278) and Kenya (0.1341).
Finally, concerning military spending in developing countries, the parameter estimates presented in Tables 5a and 5b Tables 5a and 5b are presented also in Table 7 .
The mean effect of military spending for the whole panel is almost the same with that of public expenditures, 0.2674. However, individual country estimates exhibit both negative and positive values. Specifically, in China, Chile, Colombia, India and Iran the marginal effect estimates are all negative indicating that these countries allocate more than the optimal expenditures in military spending with respect to the relative size of their public investment. However, still these values are not far from the optimal level. On the other hand, in Namibia, Mauritania, Malaysia, South Africa and Ecuador, military spending are well below their optimal level.
Specifically, Namibia exhibits a point estimate of 0.2990 the highest among all countries in the sample. Contrary, Egypt, Argentina and India have achieved a better allocation of their public capital with respect to military spending as their marginal effects are very close to zero.
Concluding Remarks
The main goal of this paper was to study the growth implications of public capital formation empirically. We collected data on a wide range of countries to test the implications of our theoretical model about the nonlinear effects of the tax rate and the allocation of public investment on the growth rate. Our empirical investigation was limited, due to data availability, to only two types of public capital: military and infrastructure capital. The empirical results strongly support the implication of our theoretical model by indicating the existence of an inversed U shape pattern between the share of military spending and the growth rate, as well as between the share of total public investment in GDP and the growth rate. Pedroni's (2000) between dimension test at the 5 per cent significance level is -1.65. 
